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We study a two-species Vicsek model with intra-species alignment and asymmetric inter-species
couplings, where one species aligns with the other while the latter anti-aligns. Motivated by recent
results showing that globally coherent chiral motion is not a generic large-scale state of finite-
range non-reciprocal flocking, we ask whether a chiral state can nevertheless be stabilized in the
discrete-time, metric, non-reciprocal two-species Vicsek model, and if so, under what conditions.
For equal populations and motilities, we show that such a state exists only within a restricted win-
dow characterized by high density, very low self-propulsion speed, and small system size relative
to the interaction range. Within this window, we also find that chirality appears primarily when
aligning interactions dominate over anti-alignment, whereas stronger anti-alignment leads to species
segregation and suppresses chirality. Conversely, introducing species asymmetry through population
imbalance drives transitions from chiral states to porous parallel-flocking or anti-parallel-flocking
liquids; motility imbalance induces asynchronous oscillations and, in extreme cases, leads to segrega-
tion into moving clusters of the faster species within a more dispersed background of slower particles.
Overall, these results indicate that chirality in the non-reciprocal two-species Vicsek model arises
within a restricted regime set by density, motility, inter-species coupling, and system size, rather
than being a generic outcome of non-reciprocal interactions.

I. INTRODUCTION

Active-matter assemblies are often modeled using re-
ciprocal interactions, implying that the agents exhibit
mutual attraction, repulsion, or neutrality. However,
non-reciprocal interactions, which violate Newton’s third
law (actio=reactio) and generate frustration between
agents pursuing opposing objectives [1], arise naturally
in a wide range of living and driven systems [2–11] and
are a generic route to collective motion and pattern for-
mation. Non-reciprocal systems are generally considered
to be out of equilibrium [12] and therefore, non-reciprocal
interactions are associated with either a gain or a loss of
energy.

Recent work has shown that non-reciprocity can quali-
tatively reshape the physics of even minimal passive sys-
tems. In the Ising model, non-reciprocity gives rise to
time-dependent swap phases, but in two dimensions it
also destroys long-range order through defect prolifera-
tion [13, 14]. In XY-like systems, non-reciprocity can
lead to long-range order [15, 16], defect-mediated de-
struction of order [17, 18], and even active-like propa-
gation in the absence of motility [19]. Beyond the Ising
and XY models, non-reciprocity can also sustain glassy
behavior, giving rise to oscillating amorphous phases and
aging in disordered passive systems [20].
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In active systems, an increasing number of recent
studies have focused on how non-reciprocal interactions
affect non-equilibrium phase transitions and drive the
emergence of dynamical states and patterns. In soft
matter, such interactions often arise when inter-particle
forces are mediated by a non-equilibrium environment,
leading to self-organized dynamical states, ranging from
traveling domains and propagating structures in Cahn–
Hilliard-type models [21–23] and chasing-band states in
quorum-sensing active matter [24, 25] to an emergent
chiral flocking state [26]. In active polar mixtures, non-
reciprocity further gives rise to asymmetric clustering,
chase-and-run behavior, and synchronized or chimera-
like time-dependent states [27–30]. Recent field-theoretic
and particle-based studies have also linked transitions to
time-dependent non-reciprocal states to critical excep-
tional points, with corresponding signatures in entropy
production and time-reversal-symmetry breaking [30–
35]. Importantly, non-reciprocity need not require multi-
ple species: anisotropic perception, self-steering, leader-
ship or internal phase-coupling mechanisms can generate
effective single-species non-reciprocal interactions, lead-
ing to cohesive swarms, worms, self-traveling patterns,
chimera-like states, obstacle-induced self-trapping, and a
rich zoology of chiral and filamentary structures [36–42].

Among active systems, non-reciprocal flocking [43, 44]
has received particular attention, including the emer-
gence of chiral flocking without any external torque [26].
Non-reciprocity-induced chiral flocking has also been re-
ported in programmable robot mixtures [45], although
in that system chirality is stabilized by an additional
angular-speed threshold. Similarly, spontaneous chiral-
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ity in non-reciprocal active polar mixtures has been re-
ported without a homogeneous fully synchronized rotat-
ing state [30]. In discrete-symmetry flocking models, chi-
ral motion is replaced by complex dynamical patterns
such as rest-and-chase, run-and-chase, and interface pin-
ning [46, 47]. More recently, non-reciprocal multi-species
active systems have been shown to support a broad range
of collective states and phase behaviors [48–52]. In par-
ticular, the chiral phase in a related non-reciprocal multi-
species Vicsek model was reported to have only quasi-
long-range order [53].

In this work, we consider a non-reciprocal extension of
the two-species Vicsek model (TSVM) [54, 55]. While
the reciprocal TSVM combines intra-species alignment
with inter-species anti-alignment, here we retain self-
alignment and introduce asymmetric inter-species inter-
actions: A-particles align with B-particles, whereas B-
particles anti-align with A-particles. In such a system,
earlier studies have reported that non-reciprocal interac-
tions can give rise to an emergent chiral flocking state in
related Vicsek-type models [26], with no equilibrium ana-
logue and where parity is spontaneously broken purely
from the dynamical frustration [1] of agents with oppo-
site goals. However, it has been shown that for finite-
range interactions, globally coherent chiral motion is not
the asymptotic large-scale state in related non-reciprocal
two-species Vicsek models. Instead, it becomes unsta-
ble at larger scales due to a finite-wavelength instabil-
ity, beyond which the dynamics turns spatio-temporally
chaotic [56]. We therefore consider a different but com-
plementary question: whether a chiral state can still
be stabilized in the discrete-time, metric, non-reciprocal
two-species Vicsek model (NRTSVM), and if so, over
what region of parameter space. Through a systematic
numerical study, we identify a limited stability window—
characterized by high density, very low motility, and
small system size relative to the interaction range—where
global chirality persists. We further examine how this
window is modified by inter-species coupling asymmetry,
unequal species populations, and unequal species motil-
ities. Our results show that at higher motility, lower
density, or larger system sizes, the chiral phase in the
NRTSVM is replaced by other collective states, indicat-
ing that long-range chiral motion is unlikely to persist in
the thermodynamic limit for finite interaction ranges [56].

II. MICROSCOPIC MODEL

We consider Ns self-propelled particles of each species
s = A,B moving within a two-dimensional square simu-
lation box of linear size L, subject to periodic boundary
conditions. The position and orientation of the ith par-
ticle of species s at time t are given by rti,s = (xt

i,s, y
t
i,s)

and êti,s = (cos θti,s, sin θti,s), respectively, where θti,s ∈
[−π, π] denotes the orientation angle specifying the self-
propulsion direction.

At each discrete time step ∆t, the ith particle of species

s interacts with the neighboring particles that belong to
species s′ within a circular neighborhood Ni of radius R0.
To account for non-reciprocal interactions, the average
orientation vector around the ith particle of species s can
then be written as:

¯̂eti,s =
∑

s′
∑

j∈Ni
Jss′ ê

t
j,s′∣∣∣∣∣∣∑s′

∑
j∈Ni

Jss′ êtj,s′

∣∣∣∣∣∣ , (1)

where || · · · || denotes the Euclidean norm and Jss′ de-
notes the coupling strength – intra-species if s′ = s, and
inter-species if s′ ̸= s. When the interactions are recip-
rocal [54], JAB = JBA = −1, we find, in addition to a
disordered phase and an ordered (liquid) state, two dy-
namical states in the coexistence region: parallel flocking
state in which bands of the two species propagate in the
same direction (aligned), and the anti-parallel flocking
state in which the bands of species A and species B move
in opposite directions (anti-aligned). In the NRTSVM,
species A aligns with species B with a ferromagnetic in-
teraction strength JAB (0 ⩽ JAB ⩽ 1), while species B
anti-aligns with species A through an antiferromagnetic
interaction strength JBA (−1 ⩽ JBA ⩽ 0). Unless spec-
ified otherwise, we impose JAA = JBB = Jself > 0 and
JAB = −JBA = JNR > 0. From Eq. (1), the interaction
only depends on the non-reciprocal ratio µ = JNR/Jself .
The orientation angle of the ith particle at time t is

updated according to the standard discrete-time, metric
Vicsek rule [54, 57–59]:

θt+∆t
i,s = arg

(¯̂eti,s) + ηξti , (2)

where, across particles and time steps, the scalar noise
term ξti is uniformly distributed (⟨ξti⟩ = 0) in [−π, π]
and uncorrelated in space and time, ⟨ξtiξsj ⟩ ∼ δtsδij . η
represents the noise strength.
The position of the ith particle at time t is then up-

dated along its instantaneous orientation as:

rt+∆t
i,s = rti,s + vsê

t+∆t
i,s ∆t , (3)

where vs denotes the velocity modulus of particles of
species s. In our model, the unit of space R0 and time
∆t are set to unity, R0 = ∆t = 1.
The primary control parameters are noise strength η,

average particle density ρ = N/L2 (N = NA + NB de-
notes the total number of particles), velocity modulus vs,
and linear system size L. Since the interaction radius R0
is the only intrinsic microscopic length scale in the model,
we measure all lengths in units of R0 without any loss of
generality. The resulting framework is thus fully dimen-
sionless, with the relevant control parameters expressed
as

L ≡ L

R0
, vs ≡

vs
R0

, ρ ≡ ρR2
0. (4)

Varying the rescaled average density effectively changes
the typical number of particles within the interaction
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range, and therefore plays the same role as varying R0
at fixed average density. Accordingly, when discussing
system-size effects below, the relevant large-system limit
is obtained by increasing L/R0 while keeping the mi-
croscopic interaction range R0 finite. The inter-species
interaction strength Jss′/Jself also acts as an additional
key parameter.

It is worth noting that although our model and
Ref. [26] belong to the same Vicsek class of flocking sys-
tems, their microscopic implementations differ. Ref. [26]
considers a continuous-time non-reciprocal flocking dy-
namics. In contrast, the present NRTSVM is formulated
directly as a discrete-time metric Vicsek model [54, 55,
57–59] with asymmetric inter-species couplings [Eq. (1)]
and uniform angular noise [58]. Recent work [56] also
shows that the normalization convention itself affects the
appropriate scaling variable and the interpretation of ear-
lier microscopic chiral regimes [26]. We therefore restrict
ourselves to a qualitative comparison of the fate of chi-
rality, since the update rule, torque normalization, and
the corresponding finite-size scaling variables differ across
these formulations.

III. SIMULATION DETAILS

Numerical simulations are performed after initializing
the system in a disordered state, with particles of both
species assigned random positions and orientations. The
positions and orientations are then updated in paral-
lel according to Eqs. (2)–(3) until the system reaches
a steady state. To characterize the resulting phase be-
havior, we systematically vary the control parameters
{ρ, vA(B), L, JAB/Jself , JBA/Jself}, and perform the fol-
lowing measurements.

Global mean orientation of species. To detect the pres-
ence of chiral motion and characterize its steady-state
dynamics, we monitor the steady-state time evolution of
the mean orientation of species s (s = A/B) defined as:

θ̄s = arg
[∑

i∈s

eiθi,s

]
. (5)

In a chiral state, θ̄A(t) and θ̄B(t) should exhibit oscil-
latory behavior in time, whereas in non-chiral steady
states, they remain approximately constant or fluctuate
without coherent rotation.

Phase–locking order parameter. A chiral state in
the present model is characterized not only by time-
dependent rotation of the global mean orientations, but
also by a persistent phase lag between the two species.
To quantify this inter-species coherence, we consider the
relative orientation, ∆θ̄(t) = θ̄A(t)− θ̄B(t), and define the
“phase factor” time-averaged over t ∈ [teq, tmax] as:

Z = 1
Ksim

tmax∑
t=teq

ei2∆θ̄(t) , (6)

where Ksim = tmax − teq + 1. Then, the “phase–locking”
(coherent rotation with a stable relative phase lag) order
parameter can be expressed as

Ψ = ⟨|Z|⟩ , (7)

where ⟨. . . ⟩ denotes averaging over independent realiza-
tions. A value Ψ ≃ 1 indicates strong phase locking (chi-
ral, polar, or anti-polar configurations), whereas Ψ ≃ 0
signals the loss of such coherence, as observed in segre-
gated or incoherent regimes. To distinguish the chiral
state (∆θ̄(t) ≃ ±π/2) from polar (∆θ̄(t) ≃ 0) or anti-
polar (∆θ̄(t) ≃ π) configurations, we define the chiral
projection χ as a secondary order parameter:

χ = 1
2 ⟨|Z| − Re(Z)⟩ . (8)

Here, a global chiral state is identified by χ ≃ 1, whereas
polar or anti-polar states result in χ ≃ 0.
Phase-difference correlation function. To determine

whether the inter-species phase lag associated with chi-
ral motion is only local or persists over large distances,
we introduce a coarse-grained local phase-difference field
φ(r, t) = ΘA(r, t) − ΘB(r, t) by partitioning the simula-
tion box into discrete cells where the local mean orienta-
tion of species s at position r and time t is

Θs(r, t) = arg

ns(r,t)∑
i=1

eiθi,s(t)

 . (9)

Here ns(r, t) is the number of particles of species s in the
cell at r. The spatial coherence of the local inter-species
phase lag is then quantified via the following equal-time
correlation function

Cφ(r, t) = ⟨cos [φ(r0 + r, t)− φ(r0, t)]⟩ , (10)

where the average is taken over all reference positions
r0 and several independent realizations. A relative sat-
uration of Cφ(r, t) with r would then indicate that the
local inter-species phase lag remains spatially coherent
over large length scales, as expected in a globally chiral
state, whereas a rapid decay would signal only short-
ranged phase coherence, as in locally chiral, segregated,
or incoherent regimes.
Distribution of angular velocities. To quantify whether

the particles exhibit persistent rotation, as expected in a
chiral state, we further calculate the angular velocities of
particles i of species s as

ωi,s(t) = θi,s(t)− θi,s(t− 1) . (11)

We then construct the probability distribution P(ωs) of
angular velocities by sampling over all particles of species
s in the steady state. A sharp peak at non-zero ωs signals
persistent rotation with a well-defined rate, whereas a
broad distribution around zero indicates incoherent or
non-chiral dynamics [30].
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Turning activity. We quantify the non-reciprocal
frustration-induced rotational dynamics using the time
and ensemble-averaged measure of turning activity ⟨Ωs⟩,
evaluated for each species s in the steady-state regime as

Ωs(t) =
1
Ns

∣∣∣∣∣∑
i∈s

sin[ωi,s(t)]

∣∣∣∣∣ . (12)

IV. NUMERICAL RESULTS

Following their alignment tendencies, species A is des-
ignated as the pursuer and species B as the evader. Be-
cause the two species cannot simultaneously achieve their
preferred orientations, frustration arises from their op-
posing objectives. In this section, we first present nu-
merical results of the NRTSVM without any inherent
advantage in number or mobility (NA = NB, vA = vB).
We then contrast this with scenarios involving population
imbalance (NA ̸= NB, vA = vB), and the introduction of
fast and slow agents (NA = NB, vA ̸= vB).

A. NRTSVM with equal species population
(NA = NB) and species velocity (vA = vB)

We begin with the NRTSVM with equal species popu-
lations (NA = NB) and equal motilities (vA = vB = v0).
Fig. 1(a) shows that the steady-state time evolution of
the global mean orientations of the two species (cos θ̄s)
[Eq. (5)] exhibits clear temporal oscillations for a dense
system (ρ = 72) at low motility (v0 = 6 × 10−3), low
noise (η = 0.02), and sufficiently strong inter-species cou-
pling (µ = 1). Moreover, the two species remain ap-
proximately in quadrature, θ̄A − θ̄B ≃ π/2, which is the
hallmark of the chiral state reported previously in non-
reciprocal flocking systems [26] where particles of both
species rotate in circular paths to accommodate their
competing tendencies arising from non-reciprocal frus-
tration [1]. In this regime, the steady-state mean angu-
lar velocity ω̄ = θ̄s(t+ 1)− θ̄s(t) remains finite, whereas
it fluctuates around zero in non-chiral states [Fig. 1(b)],
providing a direct signature of persistent collective rota-
tion.

Note that the parameters used in Fig. 1(a-b) involve
extremely low velocities and large densities, which may
appear atypical relative to standard Vicsek-model sim-
ulations [54, 57–59]. However, this is precisely the
regime in which chiral motion is typically stabilized in
the present discrete-time metric model. Since the per-
update displacement of a particle is ∆r = vs∆t, higher
speeds cause a particle to leave its interaction neighbor-
hood too rapidly, preventing the non-reciprocal frustra-
tion from building up coherently over time. Large densi-
ties, in turn, ensure that the local interaction neighbor-
hood is sufficiently populated for this frustration to be
felt collectively.
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Figure 1. (color online) Chiral motion in the NRTSVM.
(a) Steady-state time evolution of average orientations show-
ing temporal oscillations for ρ = 72, η = 0.02, v0 = 0.006,
L = 12, and µ = 1. A movie (movie1) illustrating the corre-
sponding chiral motion is available in Ref. [60]. cos θ̄A (in red)
is clearly in late quadrature with cos θ̄B (in blue). (b) Mean
angular velocity ω̄ for chiral state and non-chiral states. (c)
Oscillation frequency f versus frustration ratio µ of species
s, extracted from θ̄s for ρ = 128, v0 = 0.002, η = 0.02,
and L = 16. Inset shows f vs 1/µ. Open circles denote f
from numerical simulation, while the dashed lines represent
the mean-field prediction |ωMF|/2π. (d) Turning activity ⟨Ω⟩
versus inter-species coupling strength µ for ρ = 72, η = 0.02,
v0 = 0.006, and L = 12. Dashed line represents the mean-
field prediction.

Within the chiral regime, the oscillation frequency
f = |ω̄|/2π increases with µ [Fig. 1(c)]. Thus, the rota-
tional dynamics are governed primarily by the frustration
ratio µ: increasing µ enhances the non-reciprocal frustra-
tion relative to intra-species alignment, thereby promot-
ing faster collective rotation. This is in close agreement
with the non-motile mean-field result of Appendix A,
which predicts |ωMF| = arctan(µ), even though Fig. 1(c)
is obtained in the motile regime. This is expected, since
Fig. 1(c) is obtained at very small motility (v0 = 0.002).
Notably, in the limit µ → ∞ (Jself = 0), the orien-

tational dynamics are governed purely by inter-species
coupling [inset of Fig. 1(c)]. In this limit, the local A–
B interaction still favors the ideal phase lag θ̄A − θ̄B ≃
±π/2, while the oscillation frequency becomes maximal
(f = 1/4) and effectively insensitive to further increases
in JNR since the Vicsek update depends only on the di-
rection of the local alignment field [Eq. (1)]. However,
in the absence of intra-species alignment, distant regions
cannot phase-lock through A–A or B–B correlations. The
resulting state is therefore better interpreted as a collec-
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tion of locally rotating A–B neighborhoods, i.e., a local
AB-rotor gas, rather than a globally synchronized chiral
phase.

The oscillation frequency is inaccessible for µ < 0.2
since no chiral state exists. In fact, there is a crossover
from approximately translational motion to orbital rota-
tion with increasing non-reciprocal frustration, as illus-
trated in the steady-state trajectory of a representative
particle (Appendix B, Fig. 9). Consistently, the steady-
state turning activity Ωs [Eq. (12)] increases monoton-
ically with the non-reciprocal coupling strength µ. As-
suming symmetric ordering between the species, ⟨ΩA⟩ ≈
⟨ΩB⟩ = ⟨Ω⟩, Fig. 1(d) shows that ⟨Ω⟩ increases mono-
tonically with µ, consistent with a progressive enhance-
ment of rotational activity as non-reciprocal frustra-
tion grows. The non-motile mean-field result predicts
that ⟨|ΩMF|⟩ = sin |ωMF| = µ/

√
1 + µ2, qualitatively in

agreement with the chiral regime of Fig. 1(d) where the
impact of a higher motility (v0 = 0.006) can be seen.
Having established in Fig. 1 that the NRTSVM real-

izes the non-reciprocity-induced chiral state, we now ex-
amine how robust this globally phase-locked rotation re-
mains under variations of the particle density ρ, motility
v0, and system size L. The macroscopic steady-state is
characterized as chiral only if the probability of observ-
ing a persistent, non-zero collective angular velocity ω̄
[Fig. 1(b)] exceeds 70% across independent realizations.

To test how robust the chiral state is, we first exam-
ine the phase-locking order parameter Ψ [see Eq. (7)]
and the corresponding secondary chiral order parameter
χ [see Eq. (8)] across the (ρ, L, v0) parameter space in
Fig. 2(a-c). At fixed L and v0, increasing the density ρ
drives the system into a strongly phase-locked state with
Ψ, χ ≃ 1 [Fig. 2(a)], since more frequent inter-species
interactions strengthen the effect of the non-reciprocal
coupling. In contrast, increasing the motility v0 weakens
the chiral state (characterized by a sharp collapse of χ)
[Fig. 2(b)]: faster particles spend less time within the in-
teraction range of the opposite species, so the frustration
required for sustained collective rotation cannot build up
efficiently. At sufficiently large v0, the system crosses
over to ordinary flocking, and Ψ remains large. Finally,
increasing the system size L at fixed ρ and v0 causes Ψ to
gradually fall, while χ collapses faster [Fig. 2(c)], showing
that long-range chiral order is lost in larger systems.

The role of system size is clarified further by the spatial
correlation of the local phase-lag field, defined by Cφ(r)
[Eq. (10)]. For a smaller system (L = 12), Cφ(r) exhibits
a weak initial decay and then saturates at Cφ ∼ 0.95
over the entire accessible range of r [Fig. 2(d)], indicating
that inter-species phase lag is coherent across the whole
system, characteristic of a global chiral state. However,
for the larger system (L = 36), Cφ(r) decays rapidly with
distance, indicating that the phase locking survives only
locally, i.e., long-range chiral order is lost. Interestingly,
for L = 36, the decay of Cφ(r) (on a log-log scale) is
also compatible with an intermediate algebraic regime on
accessible scales, suggestive of at most quasi-long-range
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Figure 2. (color online) Robustness of the chiral state
against density, motility, and system size. (a–c) Phase-
locking order parameter Ψ and secondary (chiral) order pa-
rameter χ for varying (a) particle density ρ at fixed L = 16
and v0 = 0.0015, (b) velocity modulus v0 at fixed ρ = 128 and
L = 12, and (c) system size L at fixed v0 = 0.004 and ρ = 96.
(d) Time-averaged correlation Cφ(r) for two different system
sizes at ρ = 64 and v0 = 0.0015. (e–f) Probability distribu-
tion of angular velocities for each species over ∼ 1500 time
steps after transients at ρ = 64 and v0 = 0.0015: (e) small
system size (L = 12), indicating global chiral order, and (f)
larger system size (L = 36), showing abrupt uncorrelated re-
orientations. Parameters: η = 0.02 and µ = 0.25.

phase coherence rather than true long-range chiral order.
Finally, the size dependence of the chiral dynamics is

characterized using the probability distributions P (ωs)
of the single-particle angular velocities [Eq. (11)] for the
two species. For the globally chiral state at a smaller sys-
tem size (L = 12), P (ωs) exhibits sharp peaks at nonzero
ωs [Fig. 2(e)], indicating persistent rotation with a well-
defined angular velocity. In contrast, for the larger sys-
tem (L = 36), the distributions broaden strongly and
are centered around ωs ≃ 0 [Fig. 2(f)], consistent with
abrupt uncorrelated reorientations and the loss of global
phase synchronization.
Overall, Fig. 2 demonstrates that global chiral order
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Figure 3. (color online) Stability phase diagrams of the chiral state. (a-c) Phase diagrams indicating the parameter
regimes where the chiral state is stable, governed by the combined effects of v0, ρ, and L. (a) v0–ρ diagram at fixed system
size L = 16. (b) ρ–L diagram at fixed particle speed v0 = 0.0015. (c) L–v0 diagram at fixed particle density ρ = 128. Solid
symbols denote selected points. (d) Mean local neighborhood composition fraction corresponding to the points in (a-c); the
dashed line indicates equal species composition. Parameters: η = 0.02 and µ = 0.25.

in the discrete-time metric NRTSVM is a dense, low-
motility finite-size state: density promotes phase locking,
motility weakens it, and increasing system size destroys
its long-range coherence. More precisely, with a finite
interaction range R0, globally coherent chirality weakens
as L/R0 increases, suggesting that it may not survive the
finite-range thermodynamic limit L/R0 → ∞, in contrast
to mean-field or infinite-range cases (L,R0 → ∞) where
chiral motion should persist. We also note that, at fixed
(ρ, v0, L), varying the uniform angular noise strength η
does not destroy the chiral oscillation over the range stud-
ied (Appendix C, Fig. 10). The present measurements
already reveal a qualitative post-chiral morphology—
including flocking, segregation, and mosaics of only lo-
cally ordered patches (Appendix D, Fig. 11)—but they
do not characterize the asymptotic large-scale mechanism
by which global chirality is lost.

We now summarize the stability of the chiral state
through phase diagrams in the (ρ, v0, L) parameter space
in Fig. 3(a–c). The v0 − ρ diagram shows that higher
motility requires progressively higher density to sustain
the chiral phase [Fig. 3(a)]. Physically, faster particles
spend less time within the interaction range of the op-
posite species, so a higher density is needed to maintain
sufficiently frequent inter-species encounters and thereby
preserve the non-reciprocal frustration. A similar trade-
off is seen in the ρ − L and L − v0 diagrams: as the
system size is increased, global chirality can be sustained
only by increasing the density [Fig. 3(b)] or by reduc-
ing the motility [Fig. 3(c)]. Thus, larger systems require
stronger effective coupling between the two species to
maintain long-range chiral coherence.

Fig. 3(d) shows the mean local neighborhood com-
position for the representative points selected from
Fig. 3(a-c). We define nss′ as the mean count of
s′-particles within a unit-radius neighborhood of an
s-particle; pAA+BB = (nAA + nBB) /

∑
nss′ quantifies

the fraction of self-species neighbors, and pAB+BA =
(nAB + nBA) /

∑
nss′ = 1−pAA+BB, the fraction of inter-

species neighbors. Chiral points lie close to the balanced
limit pAA+BB ≃ pAB+BA ≃ 0.5, showing that global

chirality requires strong local A–B mixing. Non-chiral
points, in contrast, are shifted toward larger pAA+BB, in-
dicating self-species-dominated neighborhoods and hence
reduced inter-species contact. This confirms that the loss
of chirality is accompanied by a progressive reduction of
local mixing and the onset of segregation. Representative
steady-state snapshots outside the global chiral regime of
Fig. 3, corresponding to low density, high motility, and
large system size, are shown in Appendix D.
Next, we examine how the chiral phase depends on

the two inter-species couplings, JAB ∈ [0, 1] and JBA ∈
[−1, 0], considering strong intra-species coupling Jself =
1 in Fig. 4. The JAB − JBA stability diagram exhibits
five emergent regimes: (i) a chiral state, (ii) an aligned
state defined by parallel flocking of both species, (iii)
an anti-aligned state featuring counter-propagating A–
B flocks, (iv) an independently aligned state where both
species exhibit decoupled self-alignment, and (v) a weakly
chiral state where permanent oscillations exist in at most
20% of cases, while remaining instances (≳ 60%) exhibit
either transient oscillations [Fig. 9(b)] or none at all.
In the (JAB, JBA) → (0, 0) limit, the combination of

strong intra-species alignment, high density (ρ = 72),
and low noise (η = 0.02) drives particles of both species
to a highly ordered steady state. The system effectively
behaves as two single-species polar Vicsek flocks. For
large inter-species coupling, we map the emergent col-
lective behavior using an effective alignment strength:
Jalign = (JAB + JBA)/2. In the regime of weak evader-
on-pursuer action (|JBA| ≲ 0.3), Jalign > 0 stabilizes an
aligned state. Analogously, for Jalign < 0 and JAB ≲ 0.3,
the system adopts an anti-aligned configuration.
For purely antisymmetric coupling [JAB = −JBA =

µJself , diagonal solid white line, Fig. 4], the system at-
tains balanced non-reciprocity. However, any semblance
of chiral behavior emerges only beyond a certain thresh-
old, µ ≳ 0.3. Furthermore, the phase diagram exhibits a
clear asymmetry under the exchange JAB ↔ −JBA: the
chiral state is found exclusively for JAB ≳ 0.5 and pre-
dominantly for Jalign ⩾ 0. This asymmetry stems from
the tendency of strongly anti-aligning interactions to in-
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Figure 4. (color online) Stability diagram in the coupling
space (JAB, JBA). Typical configurations of A (red) and B
(blue) particles within different regions of the phase diagram
are shown on the right. The diagonal line corresponds to
JAB = −JBA. Parameters: Jself = 1, ρ = 72, η = 0.02,
v0 = 0.006, and L = 10.

duce inter-species segregation, hence suppressing the sus-
tained localized interactions required for chiral motion.
The transition to this global chiral state is mediated by a
weakly chiral precursor state, observed near JBA ≈ −0.3
for Jalign ∈ [0, 0.3], as well as for JAB ≳ 0.5 under weak
anti-alignment (−0.1 ≲ Jalign ≲ 0).

The phase behavior presented in Fig. 4 may be
compared with the (JAB,−JBA) phase diagram of
the discrete-symmetry non-reciprocal two-species active
Ising model (NRTSAIM) [47]. The two models, although
they belong to different symmetries, span different sys-
tem sizes and yield dissimilar mean-field behaviors, share
one common feature: a sufficiently strong positive JAB is
the primary requirement for the emergence of the non-
reciprocal active state. The difference lies primarily in
the role of JBA. In the NRTSAIM, once JAB is large
enough, the system remains in the run-and-chase state
over a broad range of JBA, indicating that JBA plays a
largely secondary role. In the NRTSVM, by contrast, a
large JAB is not sufficient: the anti-alignment coupling
JBA must be in an intermediate range. If |JBA| is too
small, the system remains in aligned or weakly aligned
states, whereas if |JBA| is too large, strong evasion pro-
motes demixing and eventually suppresses global chiral-
ity. Thus, the chiral phase in the NRTSVM exists only
within a finite window of anti-alignment strength.

The origin of this difference can be understood from
the underlying orientational symmetry. In the NRTSVM,
which has a continuous U(1) symmetry, non-reciprocal
frustration can be relaxed through smooth turning, al-
lowing the two species to form a phase-locked rotor. Such
a state requires sustained local A–B mixing and is there-
fore destroyed when strong anti-alignment drives segrega-
tion. In the NRTSAIM, by contrast, the Z2 spin can only
switch between two directions, so the system cannot relax

the non-reciprocal frustration through smooth local rota-
tion. Instead, the system accommodates the frustration
by organizing spatially as a run-and-chase of translating
bands [47]. In this case, once the pursuing tendency set
by JAB is strong enough, varying JBA mainly modifies the
sharpness of the evasion response rather than selecting an
entirely different state. In this sense, the non-motile lim-
its of the two models remain closely related—both exhibit
quadrature-like oscillatory dynamics—but in the motile
case, the combination of activity and symmetry deter-
mines whether non-reciprocal frustration is expressed as
a rotor (U(1)) or as a run-and-chase band state (Z2).
We also find that the effect of non-reciprocity extends

beyond the finite-size chiral regime identified above.
Since giant density fluctuations are a hallmark of Vicsek-
type flocking [54, 59] in the polar ordered liquid phase,
it is natural to ask how non-reciprocal interactions mod-
ify them. In a distinct polar-liquid regime, well outside
the globally chiral window identified here, we find that
increasing µ progressively suppresses the giant density
fluctuations (Appendix E, Fig. 12).

B. NRTSVM with population imbalance (NA ̸= NB)

We now examine the NRTSVM under unequal species
populations (NA ̸= NB, vA = vB = v0) in Fig. 5, which
summarizes how population imbalance breaks the chi-
ral state. We quantify the imbalance by m0 = (NA −
NB)/N [55]. Accordingly, we have the “evader major-
ity” (m0 < 0) or “pursuer majority” (m0 > 0) regimes.
The system is anchored to a parameter space (ρ = 72,
η = 0.02, v0 = 0.0015, L = 16, and µ ⩾ 0.25) that
exhibits robust chirality in the limit m0 = 0.
Evader majority m0 < 0: Here the B-species is in the

majority. As a result, the B-particles form large self-
aligned flocks, while the minority A-particles align with
and follow them. Since the minority species does not sig-
nificantly disrupt the majority orientation, the globally
chiral state breaks down rapidly, and the system crosses
over to a parallel-flocking (PF) state rather than a ro-
tating one. For sufficiently large negative m0, this PF
state becomes porous, with the B-rich flock forming a
connected structure containing spatial voids [Fig. 5(a)].
Pursuer majority m0 > 0: For small imbalance, 0 <

m0 ≲ 0.3, the A-particles form self-aligned flocks, while
the minority B-particles still perturb them locally. In re-
gions where both species remain sufficiently mixed, the
non-reciprocal interaction sustains localized chiral rota-
tion [Fig. 5(b)]. We refer to this regime as the locally
chiral state. As m0 increases further (m0 ≳ 0.3), the
A-flocks grow and become less sensitive to the increas-
ingly dilute B-particles. The A-species then develops
strong polar order, while the B-particles tend to move
anti-parallel to the dominant A-flocks. Chiral motion
survives only in finite mixed patches, giving a chiral-polar
mixture state [Fig. 5(c)]. Finally, for a strong imbalance
(m0 > 0.5), the system is dominated by a single macro-
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Figure 5. (color online) Consequence of population imbalance in NRTSVM. (a–e) Representative snapshots of the
observed states along with the corresponding phase diagram. In panels (a–d), particles are color-coded by species type in the
top panel and by orientation in the bottom panel. In the orientation snapshot of (c), the white box marks a locally chiral
region. Movies (movie2–5) corresponding to these states are available in Ref. [60]. (e) Highlights the interplay between the
population imbalance m0 and the relative interaction strength µ. Parameters: ρ = 72, η = 0.02, v0 = 0.0015, and L = 16.

scopic A-flock, and the surrounding B-particles adopt a
global anti-parallel flocking (APF) state [Fig. 5(d)].

We summarize these states in the µ −m0 diagram in
Fig. 5(e). As µ increases, the globally chiral phase ex-
tends to larger |m0|, showing that stronger non-reciprocal
coupling stabilizes chirality against population imbal-
ance. For the same reason, the locally chiral and chiral-
polar mixture regimes also persist up to larger positive
m0. In contrast, for weak non-reciprocity (small µ), self-
alignment dominates over inter-species frustration, pro-
moting spatial segregation and causing the non-chiral
porous PF and APF states to appear already at smaller
|m0|.

To characterize how the global chiral dynamics break
down under population imbalance, we examine the
steady-state distribution P (ωs) of angular velocities
[Eq. (11)] over a window of ∼ 1500 time steps. In the
porous PF state at a strong evader majority [Fig. 5(a)],
P (ωs) is sharply peaked near ωs ≃ 0 [Fig. 6(a)], showing
that coherent rotation is suppressed and the motion is
dominated by non-rotating flocking. For the weak pur-
suer majority, corresponding to the locally chiral state
[Fig. 5(b)], the distribution broadens and develops at
least one peak at ωs ̸= 0 [Fig. 6(b)], reflecting the pres-
ence of spatially heterogeneous local rotations. In the
chiral-polar mixture regime [Fig. 5(c)], a dominant cen-
tral peak coexists with finite-ωs side peaks [Fig. 6(c)],
indicating that large polar flocks coexist with localized
chiral patches. Finally, in the strongly imbalanced APF
state [Fig. 5(d)], the distribution again collapses toward
a sharp peak near zero [Fig. 6(d)], consistent with the
loss of persistent rotational motion and the dominance
of anti-parallel flocking.

To summarize, the global chiral state is sustained
only when the two species remain sufficiently mixed lo-
cally. Population imbalance weakens this mixing and
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Figure 6. (color online) Probability distribution of angu-
lar velocity. (a) High evader majority (m0 = −0.8), (b) low
pursuer majority (m0 = 0.2), (c) intermediate pursuer ma-
jority (m0 = 0.6) and (d) high pursuer majority (m0 = 0.8).
Parameters: ρ = 72, η = 0.02, v0 = 0.0015, L = 16, and
µ = 1.

promotes majority-species flocking, so the non-reciprocal
frustration is no longer able to maintain a system-wide
chiral motion. Because the interactions are asymmet-
ric, the breakdown is also asymmetric: an evader ma-
jority drives a rapid crossover to porous parallel flock-
ing, whereas a pursuer majority destroys chirality more
gradually through locally chiral and chiral-polar mixture
states before reaching anti-parallel flocking.



9

(a) (b) (c)

Species A

Species B

θs

(d)

Figure 7. (color online) NRTSVM with fast and slow agents. (a–d) Snapshots of the observed states along with the
corresponding phase diagram. In (a–c), particles are color-coded by species type in the top panel and by orientation in
the bottom panel. Movies (movie6–8) corresponding to these states are available in Ref. [60]. (d) vA–vB phase diagram
for intermediate inter-species interaction strength. The diagonal white line indicates the equal-motility limit (vA = vB).
Parameters: ρ = 128, η = 0.02, L = 12, and µ = 0.5.

C. NRTSVM with fast and slow agents (vA ̸= vB)

Finally, we examine the robustness of the chiral state
in the NRTSVM under differing species motilities (NA =
NB, vA ̸= vB). The system is anchored to a baseline
parameter space (ρ = 128, η = 0.02, L = 12, and
µ ≳ 0.25) that supports a global chiral state for approx-
imately equal, low motilities (vA ∼ vB ≲ 0.006).

When the two species have different motilities (vs >
vs′), the faster species develops stronger polar order than
the slower one. As a result, the two species no longer
remain phase-locked: the relative phase θ̄s − θ̄s′ drifts
in time, indicating asynchronous chiral dynamics. This
persistent phase drift progressively weakens local inter-
species locking and drives spatial segregation, giving rise
to either locally chiral [Fig. 7(a)] or non-chiral flocking
states. For sufficiently large motility mismatch (|vs −
vs′ | ≳ 0.005), the segregation becomes complete: the
faster species forms a macroscopic polar flock, while the
slower species remains dispersed in the background and
aligns or anti-aligns with that flock according to the sign
of the inter-species interaction [Fig. 7(b,c)].

We summarize these states in the vA − vB diagram in
Fig. 7(d) for µ = 0.5. The globally chiral state is con-
fined to a band around the equal-motility line vA = vB
and becomes less stable at higher velocities, consistent
with Sec. IVA. Moving away from this line introduces a
motility mismatch that breaks phase locking between the
two species and leads to an intermediate asynchronous
regime, which appears as either locally chiral or weakly
non-chiral flocking in different realizations. For large
enough mismatch, |vA − vB| ≳ 0.005, the system phase-
separates: when vA < vB, the faster B-species forms a PF
island, whereas for vA > vB, the faster A-species forms
an APF island. We also find that for moderate mismatch,
the chiral state can remain long-lived but metastable

before eventually decaying through asynchronous inter-
species oscillations into these segregated flocking states.
The phase boundaries in Fig. 7(d) should therefore be
viewed as finite-time boundaries, reflecting this extended
metastability before asymptotic segregation sets in.
To expose this metastable decay more clearly, we now

consider an extreme limit in which one species is passive
and the non-reciprocal coupling is reduced to µ = 0.1, so
that spatial segregation occurs on accessible time scales.
Passive pursuer, active evader (vA = 0, vB > 0):

The system first passes through a transient chiral regime
[Fig. 8(a), region I], which then collapses as the motile B-
particles coarsen into polar domains [region II]. At long
times, the system phase-separates into a single ordered
B-flock moving through a passive A background, while
the A-particles align with its mean direction, giving a
PF state [region III].
Active pursuer, passive evader (vA > 0, vB = 0): The

same sequence is observed [Fig. 8(b)]: a transient chi-
ral state is followed by collapse and macroscopic phase
separation of the motile A-particles. In the final state,
a single ordered A-flock moves through the passive B
background, while the B-particles orient anti-parallel to
it, yielding APF [region III]. Unlike the PF island state in
the passive pursuer, active evader scenario, this state is
metastable. A-particles at the flock’s edge tend to detach
and align with the surrounding B-particles, consequently
triggering brief periods of local chiral motion that ter-
minate once the system re-stabilizes into an APF island,
often with a shifted direction of motion. Snapshots illus-
trating this process appear in (movie11) at Ref. [60].
To quantify this evolution, we measure the size of the

largest cluster of the active species using the Friends-Of-
Friends (FOF) algorithm with linking length lc = 0.1
[Fig. 8(c)]. The size increment with time indicates
gradual inter-species segregation and subsequently, co-
alescence of the active species. We also track the lo-
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Figure 8. (color online) Chirality decay under motility
asymmetry. (a, b) Time evolutions of cos

(
θ̄A − θ̄B

)
for (a)

passive pursuer, active evader system (vA = 0, vB = 0.003)
[triangle] and (b) active pursuer, passive evader system (vA =
0.003, vB = 0) [square]. Movies (movie9–10) of snapshots
corresponding to the time evolutions can be found at Ref. [60].
(c) Largest cluster size time evolution for active species. (d)
Average local neighborhood self-species particle composition
probability for (a) and (b). Parameters: ρ = 128, η = 0.02,
L = 12, and µ = 0.1.

cal self-species composition, pAA = nAA/
∑

nss and
pBB = nBB/

∑
nss = 1 − pAA [Fig. 8(d)]. In Region

III, pss > ps′s′ for the motile species.
To summarize, motility asymmetry enables the faster

agent to achieve stronger polar order, induces a persis-
tent orientational phase slip between the species, pro-
gressively driving them to spatial segregation. At ex-
treme velocity mismatches, this fully neutralizes non-
reciprocal frustration, forcing the system to irreversibly
phase-separate into macroscopic polar domains propagat-
ing through a dynamically slaved background.

V. DISCUSSION

In this work, we have numerically studied the discrete-
time metric two-species Vicsek model with non-reciprocal
coupling and found that stable macroscopic chiral be-
havior is restricted to a regime of high density, low
motility, small system size, and sufficiently strong non-
reciprocal interaction. Our results indicate that, for a
finite interaction range, increasing the system size sup-
presses global chiral coherence, even though local phase-
locked rotation can persist. In addition, asymmetries

in species population and motility significantly modify
the non-reciprocal phase behavior. Population imbalance
breaks the chiral state in an asymmetric manner: even a
small evader majority drives the system toward parallel
flocking, whereas a pursuer majority allows locally chiral
mixtures to survive before anti-parallel flocking emerges.
In contrast, motility mismatch leads to segregation into
dense, strongly ordered polar clusters of the faster species
moving within a background of the slower one.
A second outcome of our study is that chirality in the

discrete-time metric NRTSVM is not obtained simply
by increasing non-reciprocity. The JAB–JBA stability
diagram shows that a sufficiently strong pursuing ten-
dency JAB is required, but not sufficient, for global chi-
ral motion: the evading interaction JBA must lie within
an intermediate range. If |JBA| is too small, the sys-
tem remains aligned or weakly aligned, whereas if |JBA|
is too large, strong evasion leads to inter-species segre-
gation and suppresses sustained rotation. This picture
is supported by the local-composition analysis, which
shows that globally chiral states occur near balanced lo-
cal A–B mixing, while non-chiral states correspond to
neighborhoods dominated by a single species. Thus, in
the continuous-symmetry Vicsek case, global chirality re-
quires not only non-reciprocal frustration but also sus-
tained local A–B contact; once segregation dominates,
the chiral state is lost.
As a natural extension of the present work, it would

be interesting to construct a non-reciprocal two-species
version of the q-state active clock model [61], which
would provide a controlled interpolation between the
non-reciprocal Z2 active Ising limit [47] and the U(1) Vic-
sek limit. Such a framework could clarify how the discrete
symmetry run-and-chase band state transforms into the
phase-locked chiral state as the orientational freedom q
is progressively increased.
Our results complement earlier studies of non-

reciprocal chiral behavior. Following the observation of
spontaneous chiral motion in continuous-symmetry ac-
tive matter systems with non-reciprocal interactions [26],
experiments on binary mixtures of programmable robots
have shown that stable collective rotation is achieved
only when the angular speed is kept below a thresh-
old [45]. In addition, recent work [30] on non-reciprocal
active polar mixtures found that while non-reciprocity
induces chiral motion at the particle level, a finite inter-
action range prevents the emergence of a fully homoge-
neous, synchronized rotating state. Instead, a range of
states is observed, from large synchronized rotating clus-
ters at weak non-reciprocity to partially synchronized,
chimera-like states at stronger non-reciprocity. More re-
cently, Ref. [53] reported that the chiral phase in the
non-reciprocal multi-species Vicsek model exhibits only
quasi-long-range order.
Recent work [56] has further emboldened that in a re-

lated continuous-time, non-reciprocal two-species Vicsek
model, globally coherent chirality is not the asymptotic
large-scale state with finite-range interactions. In the
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present work, we addressed the complementary question
of whether a chiral state can nevertheless be stabilized
in the discrete-time, metric NRTSVM, and if so, where
in the parameter space. Our results show that this is
indeed possible, but only within a narrow finite-size win-
dow characterized by very low motility, high density, and
sufficiently strong local A–B mixing. Outside this win-
dow, the system transitions to segregated, locally chiral,
or non-chiral flocking states. Taken together, these re-
sults indicate that long-range chiral order in finite-range
non-reciprocal two-species Vicsek models is not a generic
thermodynamic phase, but at most a restricted finite-size
regime.
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APPENDIX A: MEAN-FIELD CALCULATION IN
THE NON-MOTILE REGIME

We consider the non-motile limit vA = vB = 0 and
focus on the deterministic mean-field dynamics. In this
regime, the update is purely orientational. We define
the polarization (vector order parameter) of species s ∈
{A,B} by

M t
s ≡ mt

s,x + imt
s,y = rtse

iθt
s , rts ∈ [0, 1]. (A1)

In the mean-field approximation, the local alignment
field entering the Vicsek-type update is proportional
to the sum of the mean polarizations with the non-
reciprocal coupling. The (complex) mean fields are

Ht
A ∝ M t

A + µM t
B ∝ rtAe

iθt
A + µrtBe

iθt
B

Ht
B ∝ M t

B − µM t
A ∝ rtBe

iθt
B − µrtAe

iθt
A

(A2)

Because the Vicsek update sets the direction to the ar-
gument of the local field [Eq. (2)], only arg(Hs) matters,
which yields in the noise-free mean-field limit

θt+1
A = arg(Ht

A), θt+1
B = arg(Ht

B), (A3)

where we have taken ∆t = 1.

Phase lag and collective rotation. Deep in the ordered
regime, we may set rA ≃ rB ̸= 0, so that the dynamics
is controlled primarily by the phases θtA,B and define the
phase difference

∆t ≡ θtA − θtB. (A4)

Factoring out eiθt
B from Eq. (A2), we get

θt+1
A = θtB + arg

(
ei∆

t

+ µ
)
, (A5)

θt+1
B = θtB + arg

(
1− µei∆

t
)
. (A6)

Subtracting these two relations yields,

∆t+1 = arg
(
ei∆

t

+ µ
)
− arg

(
1− µei∆

t
)
≡ F (∆t).

(A7)
A fixed point ∆⋆ satisfies ∆⋆ = F (∆⋆) (mod 2π).

Equivalently,

arg
[
1 + µe−i∆⋆

1− µei∆⋆

]
= 0. (A8)

The ratio must be real and positive. Writing ei∆
⋆ =

cos∆⋆ + i sin∆⋆, the imaginary part vanishes when
µ2 sin(2∆⋆) = 0, which yields the fixed points

∆⋆ = 0, π, ±π

2 . (A9)

The real part is positive when 1−µ2 cos(2∆⋆) > 0. ∆⋆ =
0 and π satisfy this condition only for µ < 1, whereas
∆⋆ = ±π/2 are fixed points for all µ > 0. At µ = 0,
the two species decouple, and the relative phase is not
selected by inter-species frustration.
The points ∆⋆ = 0 and π correspond to non-chiral ori-

entational states of the non-motile mean-field case and
can be interpreted as the non-motile orientational coun-
terparts of the aligned and anti-aligned phases of the re-
ciprocal motile model [54].
By contrast, the two fixed points ∆⋆ = ±π/2 represent

the two chiral branches, corresponding to clockwise and
anticlockwise collective rotation. In a given realization,
one of these branches is selected by the initial condition
and spontaneous symmetry breaking [Fig. 1(a)]. At ei-
ther fixed point ∆⋆ = ±π/2, both species rotate coher-
ently with a constant angular increment per time step.
From Eq. (A6),

ω ≡ θt+1
B − θtB = arg

(
1− µei∆

⋆
)
. (A10)

For ∆⋆ = ±π/2, the mean-field angular velocity is ωMF =
arg(1∓ iµ) = ∓ arctan(µ), i.e.

|ωMF| = arctan(µ). (A11)

For weak non-reciprocity, arctan(µ) ≃ µ, so |ωMF| ≃
µ, while for large µ, the angular velocity saturates to
|ωMF| ≃ π/2, i.e., frequency f ≃ 0.25 [Fig. 1(c)].
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Figure 9. (color online) Translational to rotational dy-
namics. Trajectory of a tagged particle for different val-
ues of µ after the system reaches steady state. The color
bar indicates the evolution time (t), and the number in the
bottom-left corner denotes the magnification factor. (a) Neg-
ligible inter-species interaction, showing a linear trajectory.
(b) Transition to an orbital path. (c–i) Stronger inter-species
interaction leads to sustained orbital motion. Increasing µ
results in smaller and drifting orbits. Parameters: ρ = 128,
η = 0.02, v0 = 0.002, and L = 16.

To determine the stability of the fixed points, we lin-
earize Eq. (A7). A fixed point is stable only if |F ′(∆∗)| <
1, with

F ′(∆) = 1 + µ cos∆
1 + 2µ cos∆ + µ2 − µ(µ− cos∆)

1− 2µ cos∆ + µ2 . (A12)

Evaluating this derivative at the fixed points ∆⋆ = ±π/2,
we get

F ′
(
±π

2

)
= 1− µ2

1 + µ2 , (A13)

so, |F ′(±π/2)| < 1 with µ > 0. For ∆⋆ = 0 and π with
µ < 1, we obtain

F ′(0) = F ′(π) = 1 + µ2

1− µ2 > 1, (A14)

The two chiral fixed points are then linearly stable for any
nonzero µ, whereas the non-chiral fixed points ∆⋆ = 0
and π are unstable whenever they exist.

Angular noise adds an additive random term to
Eqs. (A5)–(A6), which broadens the distribution of ∆
around ∆⋆ and reduces the polarization amplitudes rs.
However, as long as the ordered state persists (rs not too
small), the mean-field prediction |ωMF| = arctan(µ) and
the stable phase lags ∆⋆ = ±π/2 remain the appropriate
baseline for the non-motile chiral regime.
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t (× 104)
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−
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)

η = 0.05 η = 0.5

Figure 10. (color online) Chirality versus noise. Steady-
state time evolution of cos

(
θ̄A − θ̄B

)
on varying noise

strength η. The mean value deviates marginally from zero
due to finite-size effects. Parameters: ρ = 72, v0 = 0.006,
L = 12, and µ = 1.

APPENDIX B: CROSSOVER FROM
TRANSLATIONAL TO ROTATIONAL

DYNAMICS

Fig. 9 illustrates the crossover from translational to ro-
tational dynamics as the non-reciprocal frustration µ is
increased, through the steady-state trajectory of a rep-
resentative particle. In the weakly non-reciprocal limit
(µ < 0.2), the inter-species coupling is too weak to dis-
rupt the independently aligned state, and the particles
therefore propagate approximately linearly [Fig. 9(a)],
with ballistic motion set mainly by intra-species align-
ment. At intermediate frustration (µ = 0.2), the inter-
species interaction becomes strong enough to generate
transient local chirality, corresponding to the weakly chi-
ral state. Consequently, the trajectory shows substan-
tial linear drift interrupted by short-lived orbital seg-
ments during local encounters with the opposite species
[Fig. 9(b)]. For strong non-reciprocity (µ ≳ 0.3), trans-
lational motion is strongly suppressed, and the parti-
cles execute stable chiral orbits with very little spatial
drift [Fig. 9(c–i)] along with the orbital radius decreas-
ing monotonically with µ.

APPENDIX C: ROBUSTNESS OF CHIRALITY
AGAINST NOISE

We also examine the effect of the angular noise
strength η at fixed parameters. As shown in Fig. 10, the
chiral oscillation in cos(θ̄A− θ̄B) remains present over the
range of η studied, although its fluctuations grow with in-
creasing noise. Thus, uniform noise broadens the phase
dynamics but does not destroy the chiral state within
this parameter window. A more efficient route to desta-
bilizing it would be to introduce spatially heterogeneous
noise or quenched disorder [62].
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v0 = 0.0015, L = 16
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Figure 11. (color online) Representative steady states
outside the global chiral regime. (a) Initial state with
uniform spatial and orientational distribution of both species;
parameters correspond to (d). (b–d) Breakdown of global chi-
rality at steady state under (b) low particle density ρ, (c) high
propulsion speed v0, and (d) large system size L. Particles
are color-coded by species and by orientation in the insets.
Parameter: η = 0.02 and µ = 0.25. Movies (movie12–14)
corresponding to (b–d) are available in Ref. [60].

APPENDIX D: BREAKDOWN OF CHIRAL
MOTION IN THE (ρ, v0, L) PARAMETER SPACE

Fig. 11 shows representative steady-state snapshots
outside the globally chiral regime identified in Sec. IVA.
For low density [Fig. 11(b)], the reduced frequency of
inter-species encounters weakens the non-reciprocal frus-
tration and the system breaks into finite A-rich and B-
rich flocks. For high motility [Fig. 11(c)], particles leave
each other’s interaction neighborhoods too rapidly for
sustained phase locking, leading to strong inter-species
segregation into compact polar domains. For large sys-
tem size [Fig. 11(d)], local orientational order persists,
but different regions no longer remain phase-locked, so
the system forms a mosaic of locally ordered patches
rather than a single coherent chiral phase. Thus, out-
side the chiral window, the steady state is dominated by
flocking, segregation, or only short-ranged rotational co-
herence, rather than global chirality.
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Figure 12. (color online) Non-reciprocity induced den-
sity fluctuations. ∆n2 = ⟨n2⟩ − ⟨n⟩2 versus average parti-
cle number ⟨n⟩ in a 200 × 200 simulation box for several µ.
Parameters: ρ = 6, η = 0.4, v0 = 0.5, and L = 200.

APPENDIX E: SUPPRESSION OF GIANT
DENSITY FLUCTUATIONS OUTSIDE THE

CHIRAL REGIME

The Vicsek model and its reciprocal two-species ex-
tension are both known to exhibit giant density fluctua-
tions [54, 59] in the polar ordered liquid phase. Here, we
examine how non-reciprocity affects these density fluc-
tuations in the NRTSVM. Density fluctuations are mea-
sured in subsystems of linear size l ≤ 100 embedded in a
200× 200 domain. We find that the variance of the local
particle number, ∆n2 scales algebraically with the mean
number of particles (⟨n⟩ = ρl2), ∆n2 ∼ ⟨n⟩ξ, where ξ
is the fluctuation exponent which decreases with µ (see
Fig. 12). Since ξ > 1, giant density fluctuations remain
present throughout; however, they are progressively sup-
pressed as µ increases and become notably weaker than
those reported for the standard VM [59], the large q ac-
tive clock model [61], or the reciprocal TSVM [54]. We
stress that the parameter regime of Fig. 12 lies well out-
side the globally chiral window identified in Sec. IVA.
Therefore, the observed decrease of ξ with increasing µ
should not be interpreted as a consequence of macro-
scopic chiral rotation. As µ increases, particles no longer
move as persistent flocks as in the reciprocal case. In-
stead, when the two species meet, their competing align-
ment tendencies produce more local turning and bend-
ing of the motion. Because of this, growing clusters are
repeatedly disturbed before they can merge into larger
domains. The result is that large polar-liquid structures
are broken into smaller, more short-lived patches. In this
sense, stronger non-reciprocal frustration suppresses do-
main coarsening by replacing coherent translational mo-
tion with locally curved and frustrated dynamics and
weakens the giant density fluctuations of the transla-
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tional flocking state. A movie (movie15), illustrating the steady-state collective motion with decreasing cluster
sizes as µ increases, is available in Ref. [60].
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