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Optically trapped particles are often subject to a non-conservative scattering force arising from
radiation pressure. In this paper we present an exact solution for the steady state statistics of an
overdamped Brownian particle subjected to a commonly used force field model for an optical trap.
The model is the simplest of its kind that takes into account non-conservative forces. In particular,
we present exact results for certain marginals of the full three dimensional steady state probability
distribution as well as results for the toroidal probability currents which are present in the steady
state, as well as for the circulation of theses currents. Our analytical results are confirmed by
numerical solution of the steady state Fokker-Planck equation.

PACS numbers:

Optical traps and tweezers developed by Ashkin in the 1970s and 1980s [1, 2] enable the trapping and the ma-
nipulation of nano-size particles. These optical set-ups have been used to measure very small forces in a wide range
of systems, including living cells [3] (e.g. virus, bacteria, proteins, and biopolymers), colloids [4–6], dielectric and
metallic nanoparticles [7–11] and ultra-cold atoms [12]. Optical traps also have many applications, ranging from
physics to biology. For instance, they have allowed the characterization of the elasticity of DNA strands [13–18],
the measurement of ultraweak force intensity [19–21] and have lead to propositions for the detection of gravitational
waves [22] and dark energy [23]. They have also been useful to experimentally verify some theoretical results in
out-of-equilibrium statistical mechanics, such as the fluctuation-dissipation theorem [24–27], as well as in quantum
mechanics [28]. In many of these cases, the system is forced out-of equilibrium by moving the trap center.

In the majority of the studies mentioned above, the optical trap is considered to be harmonic. However the trap range
is obviously finite and the potential decreases far from the center of the laser beam and is thus generally anharmonic.
Another reason for anharmonicity comes from the radiation pressure of the laser which generates a non-conservative
component to the force. The importance of this non-conservative component has recently been demonstrated [29].
The presence of scattering forces means that even static optical traps acting on Brownian particles lead to an out-of-
equilibrium system which is not described by a Gibbs-Boltzmann probability distribution, and notably has non-zero
steady state currents. When the particle motion is overdamped, both experimental and theoretical studies [30–35]
have shown that the current lines take the form of a torus, whose axis is the center of the laser beam. Similar
toroidal currents have been uncovered in the underdamped regime via experimental and theoretical analysis [36, 37].
In all these cases, analytical expressions for the stationary density and current have, to date, only been derived in a
perturbative approach assuming small non-conservative forces [34, 37]. In fact, even in the simplest non-trivial model
including scattering forces, the motion in the longitudinal direction is driven by a colored and non-Gaussian noise.
This aspect is a major obstacle towards analytical non-perturbative theories which we wish to address in this paper.
More generally, our study is an example of a characterization of currents in non-equilibrium steady states, an open
problem of non-equilibrium statistical mechanics [38].

In this article, we study the stationary state of overdamped Brownian particles in optical traps, in presence of a
non-conservative force component created by the radiation pressure of the laser. In Section I, we first present the
basic model for the optical trapping forces and then present the Langevin dynamics for the trapped particle in the
overdamped limit. We consider the trapping potential to be composed of a harmonic, conservative, component along
with the leading order non-conservative force derived with the paraxial approximation. As well as being of direct
relevance to the important field of optical trapping, the model studied constitutes a minimal model of a system
which is non-equilibrium due to the presence of non-conservative forces. In particular the non-conservative force is
non-Gaussian and this renders the analysis of the steady state more difficult as it cannot be simply characterized in
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terms of the first two moments. We show how the components of the trapped particle motion can be decomposed
into motions subject to conservative forces and motions subject to non-conservative forces. In particular we define
an effective two dimensional non-equilibrium process, the steady statistics of which can be used to determine the
steady state statistics of the full model. In Section II, we show how the equilibrium distribution of the effective
two dimensional process can be extracted from its Fokker-Planck equation. In Section III, we derive the marginal
probability density function of the non-equilibrium component of the motion in the z direction. Then we show how the
steady state probability density and current for the full process in three dimensions can be obtained via perturbation
theory, extending first order perturbative results on this model [34, 37] to third order. Past studies of the model
have analyzed the circulation of the steady state current perturbatively, at the end of this section we show that these
results are in fact exact to all orders in perturbation theory. In Section IV we conclude with a discussion about the
results and an outlook.

I. EXPERIMENTALLY MOTIVATED MODEL

We consider dielectric Brownian particles trapped in a single a laser beam, via a simplified version of the model
expounded in Refs. [37, 39]. The Brownian particles are assumed to be spherical, dielectric and sufficiently small to
be treated within the Rayleigh approximation where their interaction with the laser can be considered solely in terms
of their dipole moments p. In this model, a particle thus experiences a force due to the electric field E of the laser
beam and a Lorentz force due to magnetic field B. The total force can thus be written as F = (p · ∇)E + ∂tp ×B,
where p is the induced dipole moment of the particles. The electric field is assumed to be linearly polarized and is
written as E(x) =

√
I(x) exp(−iφ(x))ex, where I(x) is the intensity. The force applied by the laser on the particles

is then given by

F(x) =
1

4
α′∇I(x) +

1

2
α′′I(x)∇φ(x), (1)

with α′ and α′′ the dispersive and dissipative parts of the polarizability, respectively. This force can then be decom-
posed into two contributions: F ' Fgrad + Fscat. The first one is conservative and is responsible for the particle
trapping:

Fgrad(x) = −∇V (x) = −κxxex − κyyey − κzzez, (2)

where κj is the spring constant in the direction ej and is proportional to α′. Here, anharmonic terms of the conservative
force are omitted, since we focus on the effect of non-conservative ones. In the following we assume that the laser
beam is rotationally invariant in the (x, y) plane by taking κx = κy ≡ κ and κz = ηκ. The second component of the
force is a scattering non-conservative force, due to the radiation pressure of the laser (and is in particular generated
by the magnetic field):

Fscat(x) = −εκa
(

1− x2

a2
− y2

a2

)
ez, (3)

where wx = wy =
√

2a is the beam waist of the laser in the direction x, y (again equal due to rotational invariance),
and ε is proportional to the ratio α′/α′′. Note that we have taken a direction of laser propagation different to that
usually used in the literature which changes the sign of the right hand side of Eq. (3) with respect to that usually used
[37, 39]. The expressions of these forces are given at the first order in the paraxial approximation, i.e. for a particle
staying close to the optical axis (x = 0 and y = 0). The exact expressions of κ and ε are given in Refs. [37, 39], and
are not necessary to the analysis performed hereinafter. In optical traps, the harmonic restoring force in the direction
along which the laser propagates is generically weaker than that in the plane perpendicular to propagation and so in
the experimental context one has η < 1.

Within the optical trap, we assume that particle’s position denoted by X = (X,Y, Z) obeys the overdamped
Langevin equation:

γ
dX

dt
= Fgrad(X) + Fscat(X) +

√
2kBTγξ(t), (4)

where γ is the coefficient of friction, T the temperature and ξ a standard Gaussian white noise with zero mean and
variance 〈ξi(t)ξj(t′)〉 = δijδ(t − t′). Note that through out this paper the variable ξ(t) (with or without subscripts)
will be standard Gaussian white noise. This overdamped model is valid for particles trapped in liquids or gases that
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are not too rarefied, when the mass m of particles satisfies m� γ2/κ. From Eqs. (2) and (3), the Langevin equation
gives

Ẋ(t) + λX(t) =
√

2DξX(t), (5)

Ẏ (t) + λY (t) =
√

2DξY (t), (6)

Ż(t) + ηλZ(t) = −ελa
[
1− X(t)2 + Y (t)2

a2

]
+
√

2DξZ(t), (7)

with the damping rate λ = κ/γ and the microscopic diffusion constant D = kBT/γ, from the Einstein relation. We
thus see that X(t) and Y (t) are then identical and independent Ornstein-Uhlenbeck (OU) processes, while Z(t) is
subject to a harmonic plus a non-conservative force.

In Eq. (7), we see that the constant term in the radiation pressure −ελa can be removed by an appropriate shift
of the Z-coordinate. Furthermore, the analysis is simplified by writing the coordinates X, Y, and Z in terms of the
widths of the harmonic oscillator (in absence of non-conservative force), we thus write:

X =

√
kBT

κ
x, Y =

√
kBT

κ
y, Z = −εa

η
+

√
kBT

ηκ
z. (8)

We also work in terms of the rescaled time τ = λt and these rescalings lead to

ẋ(τ) + x(τ) =
√

2ξx(τ), (9)

ẏ(τ) + y(τ) =
√

2ξy(τ), (10)

ż(τ) + ηz(τ) =
η2ε

4

[
x(τ)2 + y(τ)2

]
+
√

2ηξz(τ), (11)

where the intensity of the scattering force in these rescaled variables is given by

ε =
4ε

aη

√
kBT

ηκ
. (12)

We consider the probability density p(x, y, z, τ) to observe x, y, z at time τ , this density obeys the Fokker-Planck
equation:

∂p

∂τ
(x, y, z; τ) =

∂

∂x

[
∂p

∂x
(x, y, z; τ) + xp(x, y, z; τ)

]
+

∂

∂y

[
∂p

∂y
(x, y, z; τ) + yp(x, y, z; τ)

]

+ η
∂

∂z

{
∂p

∂z
(x, y, z; τ) +

[
z − ηε

4
(x2 + y2)

]
p(x, y, z; τ)

}
. (13)

Due to the linearity of the equation for z(τ), Eq. (11), we decompose the motion in the z direction into a damped
harmonic oscillator type motion plus a term generated by the non-conservative forces: z(τ) = zo(τ) + zn(τ). The OU
component zo(τ) then obeys

żo(τ) + ηzo(τ) =
√

2ηξz(τ), (14)

and the term zn(τ) generated by the non-conservative forces thus obeys

żn(τ) + ηzn(τ) =
η2ε

4
[x(τ)2 + y(τ)2]. (15)

This equation can be formally integrated, assuming that zn(0) = 0 which has no effect on the late time equilibrium
distribution we find that

zn(τ) =
η2ε

4

∫ τ

0

dτ ′ exp[−η(τ − τ ′)][x(τ ′)2 + y(τ ′)2]. (16)

This above representation can be used to derive the equilibrium statistics of zn(τ) by evaluating its generating function
within a path integral formulation. We will not use this method in this paper however as the main result can be
derived directly from the corresponding Fokker-Planck equation.
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The process zn can in turn be decomposed as zn(τ) = znx(τ) + zny(τ) where

żnx(τ) + ηznx(τ) =
η2ε

4
x(τ)2 (17)

żny(τ) + ηzny(τ) =
η2ε

4
y(τ)2, (18)

and given the independence, and statistical equivalence, of x(t) and y(t) we see that znx and zny are independent and
identically distributed. This means we can write the following identities in law of stochastic processes

znx(τ) ≡ zny(τ) ≡ χ(τ), (19)

where χ(τ) is driven by the OU process

ẋ(τ) + x(τ) =
√

2ξ(τ), (20)

via the equation

χ̇(τ) + ηχ(τ) =
η2ε

4
x(τ)2. (21)

With χ(τ) defined as above, we see that χ(τ) must be positive for all times once it crosses χ = 0 for the first time
due to the driving term being positive. This means that the equilibrium distribution must have as support positive
values of χ. The full statistics of the three dimensional model can thus be deduced from the effective two dimensional
model given by Eq. (20) and Eq. (21). While Eq. (21) appears relatively simple, the fact that the driving noise x2(τ)
is non-Gaussian and colored significantly complicates the analysis.

II. EQUILIBRIUM STATISTICS OF THE EFFECTIVE TWO DIMENSIONAL MODEL

Here we analyze Eq. (20) and Eq. (21) which in themselves represent a minimal model for a stochastic process
driven by non-conservative forces and is thus interesting in its own right. The Fokker-Planck equation for the pair
(x(τ), χ(τ)) is given by

∂p

∂τ
(x, χ; τ) =

∂

∂x

[
∂p

∂x
(x, χ; τ) + xp(x, χ; τ)

]
− η ∂

∂χ

[(εη
4
x2 − χ

)
p(x, χ; τ)

]
, (22)

and the steady state distribution ps(x, χ) = p(x, χ; τ →∞) we are interested in satisfies

∂

∂x

[
∂ps
∂x

(x, χ) + xps(x, χ)

]
− η ∂

∂χ

[(εη
4
x2 − χ

)
ps(x, χ)

]
= 0. (23)

Noting that ps(x, χ) vanishes for negative χ, we take the Laplace transform of ps(x, χ) with respect to χ,

p̃s(x, s) =

∫ ∞

0

dχ ps(x, χ) exp(−sχ), (24)

we see that this obeys

∂

∂x

[
∂p̃s
∂x

(x, s) + xp̃s(x, s)

]
− ηs

[
εη

4
x2p̃s(x, s) +

∂p̃s
∂s

(x, s)

]
= 0, (25)

where we assumed ps(x, χ = 0) = 0, which must be the case due to the fact that of the driving term in Eq. (21) is
always positive.

We now analyze the problem by adapting the method used in Ref. [40] to study optimal fitting schemes for
estimators of the diffusion constant of Brownian motion. We look for a solution of the form

p̃s(x, s) = B(s) exp

[
−1

2
A(s)x2

]
. (26)
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The fact that this ansatz works is intrinsically related to the quadratic dependence of χ on x and y in the representation
given in Eq. (16). This yields the coupled ordinary differential equations

sηA′(s) = 2A(s)(1−A(s)) +
sεη2

2
, (27)

sηB′(s) = B(s)(1−A(s)). (28)

When s = 0 we must recover the marginal distribution of the OU process x(τ), this tells us that

p̃s(x, 0) =
1√
2π

exp

(
−x

2

2

)
, (29)

which then gives

A(0) = 1 and B(0) =
1√
2π
. (30)

The equation for A can be integrated via the ansatz A(s) = gsh′(s)/h(s) which on choosing g = η/2 renders the
resulting differential equation linear:

sh′′(s) + (1− α)h′(s)− εh(s) = 0, (31)

with α = 2/η. The linearly independent solutions to this equation are

h(s) = s
α
2 Iα(2

√
sε) and h(s) = s

α
2 I−α(2

√
sε), (32)

where Iν(y) is the modified Bessel function of the first kind with order ν [41]. The small argument behavior of the
modified Bessel function is

Iν(y) ' (y/2)ν

Γ(1 + ν)
, (33)

where Γ(y) is the Gamma function. Using the boundary condition for A(s) in Eq. (30) we find that

h(s) = s
α
2 Iα(2

√
sε), (34)

up to an overall unimportant constant. From this we find that B(s) obeys

B′(s)

B(s)
=

α

2s
− 1

2

h′(s)

h(s)
, (35)

and then

B(s) =
(sε)

α
4√

2παΓ(α)Iα(2
√
sε)

. (36)

We also find that A(s) is given explicitly by

A(s) =

√
sε

α

Iα−1(2
√
sε)

Iα(2
√
sε)

. (37)

The function A(s) turns out to be identical, up to a rescaling of s, to the Laplace transform (with respect to time)
of the rate of creep function of so called Bessel viscoelastic models [42]. In summary, in this Section, we have derived
an explicit expression [Eqs. (26), (36) and (37)] in Laplace space for the joint probability distribution of (x, χ) for the
effective two-dimensional model. These results will prove useful for the analysis of the three-dimensional trap.

III. PROBABILITY DISTRIBUTION FOR THE THREE DIMENSIONAL TRAP

Here we use the results of the previous section to analyze the steady state in the three dimensional trap. To start
with we analyze the distribution of (x, y, zn), in particular concentrating on the marginal distribution of zn, and then
consider the distribution of (x, y, z). Note that studying the distribution of (x, y, zn) only can be viewed as the limit
ε =∞ of the model, since in this case z is driven by scattering forces with negligible thermal noise.



6

A. The distribution of the non-equilibrium component of the displacement

Returning to the full three dimensional problem we find that the Laplace transform of the stationary probability
distribution for the variables x, y and zn, denoted by pns(x, y, zn), given by

p̃ns(x, y, s) =

∫ ∞

0

dzn pns(x, y, zn) exp(−szn), (38)

is given by

p̃ns(x, y, s) = B2(s) exp

[
−A(s)

2
(x2 + y2)

]
=

(sε)
α
2

2παΓ(α)Iα(2
√
sε)

exp

[
−
√
sε

2α

Iα−1(2
√
sε)

Iα(2
√
sε)

(x2 + y2)

]
. (39)

The Laplace transform of the marginal probability density function of the displacement zn due to the non-conservative
force p̃ns(s) is given by

p̃ns(s) =

∫
dxdy p̃ns(x, y, s) =

(εs)
α−1
2

Γ(α)Iα−1(2
√
εs)

. (40)

Remarkably Eq. (40) shows that the equilibrium distribution of zn is the same as that of the first hitting time at
√

2ε
of a Bessel process of index ν = α − 1 started at 0 [43, 44]. The Bessel process of order ν can be interpreted as the
radial part of a Brownian motion in d = 2ν + 2 dimensions, so here we have d = 2α. This observation may simply be
related to the appearance of Bessel’s equation in our analysis but nonetheless is rather intriguing given the seemingly
very different nature of the two stochastic processes involved.

The cumulant generating function for zn is given by

M(s) =

∞∑

k=1

(−1)k

k!
〈znn〉c sk = ln(p̃ns(s)), (41)

where 〈zn〉c denotes the nth cumulant, or equivalently the connected part of the nth moment. Using the series
expansion of Bessel functions in Eq. (40), we find

M(s) = − ln

( ∞∑

k=0

Γ(α)

k! Γ(k + α)
εksk

)
, (42)

From this we obtain the first four cumulants as

〈zn〉c =
ε

α
,

〈z2n〉c =
ε2

α2(1 + α)
,

〈z3n〉c =
4ε3

α3(α+ 1)(α+ 2)
,

〈z4n〉c =
6ε4(6 + 5α)

α4(1 + α)2(α+ 2)(α+ 3)
. (43)

Furthermore, as p̃ns(s) has an expansion in terms of integer powers of s, we see that the moments exist at all orders
and moreover we see that the function p̃ns(s) is single valued in the complex plane. With this in mind, we use the
Bromwich inversion formula to write the density of zn as

pns(zn) =
1

εΓ(α)

∫

γ

ds

2πi

s
α−1
2 exp(s znε )

Iα−1(2
√
s)

. (44)

The poles of the integrand lie along the negative real axis and the Bromwich inversion contour γ lies to the right of
these poles. When zn < 0 this means that pns(zn) = 0, and for zn > 0 standard complex analysis shows that

pns(zn) =
1

εΓ(α)

∞∑

k=1

(uαk
2

)α exp(−u
2
αk

4ε zn)

Jα(uαk)
, (45)
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where Jν is the modified Bessel function of the second kind and is related to Iν via Iν(y) = i−νJν(iy). The terms uαk
correspond to the kth positive, non zero, root of the equation Jα−1(u) = 0. From this we can immediately see that
for large zn one has

pns(zn) ' 1

εΓ(α)

(uα1
2

)α exp(−u
2
α1

4ε zn)

Jα(uα1)
. (46)

The small zn behavior of pns(zn) can be extracted from the large s asymptotic behavior of p̃ns(s). Using the asymptotic
form for the modified Bessel function

Iν(z) '
z→∞

exp(z)√
2πz

, (47)

we find

p̃ns(s/ε) ' 2
√
π
s

2α−1
4 exp(−2

√
s)

Γ(α)
. (48)

Inserting this form into Eq. (44) and making the change of variables s = ε2u/z2n the integral can be evaluated with
the saddle-point method, with 1/zn the large parameter, to obtain

pns(zn) ' 2εα

Γ(α)zα+1
n

exp

(
− ε

zn

)
. (49)

To derive the above one may also use the of method of inspection used in [40] where a similar asymptotic behavior
arises from the consideration of a quadratic path integral arising in the analysis of fitting procedures to evaluate the
diffusion constant of Brownian motion. While in the above we have maintained the dependence on ε to examine the
full problem, it is obvious from the beginning that zn = εζn where ζn is independent of ε. We can thus consider,
without loss of generality, the case where ε = 1. The sum given in Eq. (45) can be evaluated numerically and as long
as zn is not too close to 0 a finite number of terms give a good approximation to the full result. In Fig. 1(a) we show
the form of pns(zn) as a function of zn where we have taken all the positive zeros of the Jα−1(u) on (0, 1000]. We see
that these forms of pns exhibit, as predicted above an exponential decay for large zn and one sees the rapid decay to
zero as zn → 0, however more and more terms are required to reproduce the essential singularity at the origin. The
distributions are shown for α = 1/2, α = 1 and α = 2. One can check that the numerical form of these distributions
away from zn = 0 does not change on extending the interval over which the zeros of Jα−1(u) are taken.

The inverse Laplace transform in Eq. (44) can also be evaluated numerically, for instance using the numerical
integration option of Mathematica, this turns out to be relatively simple to do and in Fig. 1(b) we show the results for
α = 2 from the infinite series representation Eq. (45) (again using the zeros of Jα−1(u) on (0, 1000]) compared with the
numerical inversion of the Laplace transform. We see that the agreement is perfect, however in both cases numerical
precision becomes an issue for small zn due to the presence of the essential singularity exhibited in Eq. (49). The
asymptotic expression for small zn Eq. (49) is also shown, we see that while it predicts the position of the maximum
of the probability density function it over estimates its height. Of course, on approaching zn = 0 the agreement is
perfect.

The joint probability distribution for (x, y, zn) is more difficult to analyze. However we may again examine the
form of the distribution for small zn using the asymptotic behavior given in Eq. (39) for large s which leads to

pns(x, y, zn) =
εα+1

παΓ(α)zα+2
n

(
1 +

ρ2

4α

)α+ 3
2

exp

[
− ε

zn

(
1 +

ρ2

4α

)2
]
, (50)

where ρ =
√
x2 + y2.

The steady state current corresponding to the processes x, y and zn is given by

Jns(x, y, zn) = −
[
∂pns
∂x

(x, y, zn) + xpns(x, y, zn)

]
ex −

[
∂pns
∂y

(x, y, zn) + ypns(x, y, zn)

]
ey

+η
[(εη

4
(x2 + y2)− zn

)
pns(x, y, zn)

]
ez, (51)

and using the rotational symmetry of the problem we can write this as

Jns(ρ, zn) = pns(ρ, zn)

[
−
(
∂ ln pns
∂ρ

(ρ, zn) + ρ

)
eρ +

2

α

( ε

2α
ρ2 − zn

)
ez

]
(52)
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series
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FIG. 1: (a) The function pns(zn) for evaluated using the representation Eq. (45) by taking into account the zeros of Jα−1(u)
on (0, 1000]. Shown are the function for α = 1/2 (solid line), α = 1 (dashed line) and α = 2 (dotted line). (b) The function
pns(zn) for α = 2, evaluated using the representation Eq. (45) by taking into account the zeros of Jα−1(u) on (0, 1000] (solid
line) compared with numerical computation of the Bromwich inversion formula Eq. (44) (dashed line), the two curves are
indistinguishable. Also shown is the analytic prediction for the behavior at small zn given by Eq. (49) (dotted line). Note that
ε = 1, without loss of generality.

where eρ = (xex + yey)/ρ is the polar basis vector and we recall that η = 2/α. In the region where zn � 1 we can
then use the asymptotic result Eq. (50) to find

Jns(ρ, zn) ' ρεα+2

πα2Γ(α)zα+2
n

(
1 +

ρ2

4α

)α+ 3
2

exp

[
− 1

zn

(
1 +

ρ2

4α

)2
] [

1

zn

(
1 +

ρ2

4α

)
eρ +

1

α
ρez

]
. (53)

We will see in what follows that the full steady state distribution for the process (x, y, z) = (x, y, zn + zo) as well as
the corresponding current is simply related to the corresponding results for (x, y, zn). However as we cannot obtain
a fully analytical form for the distribution of the latter we must resort to a perturbative analysis.

B. Numerical results for the process (x, y, zn)

The most straightforward way to determine the steady state distribution of the process (x, y, zn) is to solve the
time independent Fokker-Planck equation for the process in the case where we set ε = 1 to numerically evaluate what
we denote by pns1(x, y, zn). The distribution for general ε is then simply obtained via

pns(x, y, zn) = εpns1(x, y, εzn). (54)

We thus solve the steady state diffusion equation using the current given by Eq. (51). Given the essential singularity
at zn = 0 the numerical resolution is difficult in this region, however this problem can be surmounted by adding
a small diffusive component to the process zn. In our computations a diffusion constant of 10−6 was taken. This
is equivalent to numerically solving the steady state Fokker-Planck equation for ε = 1000 and then extracting the
probability density function for ζn = zn/ε. In this analysis the only parameter corresponds to α = 2/η. Shown in
Fig. 2 is the stationary probability density for the cylindrical coordinate process (ρ, ζn), denoted by pcns1 and which
is simply related to pns1 via

pcns1(ρ, ζn) = 2πρpns1(ρ, ζn), (55)

for several values of η. On the same figure we also the associated current as a function of ζn and the radial coordinate
ρ. We see that in all cases there is a single current vortex which is located close to the maximum of the probability
density function pcns1(ρ, ζn).
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FIG. 2: The probability distribution pcns1(ρ, ζn) for the process (ρ, ζn) along with the associated current lines for various values
of η = 2/α: (a) η = 0.05, (b) η = 0.1, (c) η = 0.2, (d) η = 0.5, (e) η = 1, and (f) η = 2. In all cases there is a single
vortex. These results were obtained by integrating numerically the steady state Fokker-Planck equation for (ρ, ζn) with the
finite element method.

C. Distribution for the full model

In the previous analysis we did not include the OU contribution to the movement in the z direction. If we denote
full distribution pfs(x, y, z) we see that its two sided Laplace transform with respect to z is given by

p̃fs(x, y, s) = p̃ns(x, y, s) exp

(
s2

2

)
=

(sε)
α
2

2παΓ(α)Iα(2
√
sε)

exp

(
s2

2

)
exp

[
−
√
sε

2α

Iα−1(2
√
sε)

Iα(2
√
sε)

(x2 + y2)

]
. (56)

Note that we take the two sided Laplace transform as the total process z is can now become negative.
The full marginal distribution for z can obviously be derived from the convolution with the pdf of the OU component

of the z motion, that is to say

pfs(z) =
1√
2π

∫ ∞

0

dzn exp

[
−1

2
(z − zn)2

]
pns(zn). (57)

However, to make the link with previous studies at the perturbative level, of the effect of the non-conservative force
on the steady state distribution we now proceed by expanding Eq. (56) in ε. We find that the form of this expansion
is

p̃fs(ρ, s) =
1

2π
exp

(
s2 − ρ2

2

) ∞∑

k=0

εkskCk(ρ, α), (58)

where we again emphasize that pfs is still the probability density function for (x, y, z) but we have written it as a
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FIG. 3: The perturbative corrections to third order in ε of the density in cylindrical coordinates pfsc = 2πρpfs =
∑
k p

(k)
fscε

k and

the associated current lines for the case α = 10 (corresponding to η = 0.2). (a) p
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function of (ρ, z) for compactness. Carrying out the above expansion explicitly, we find the first three terms:

C0(ρ, α) = 1 (59)

C1(ρ, α) = − 2α+ ρ2

2α(α+ 1)
(60)

C2(ρ, α) =
4α2(3 + α) + 4α(3 + α)ρ2 + (2 + α)ρ4

8α2(1 + α)2(2 + α)
(61)

C3(ρ, α) = − (8α3 + 12α2ρ2)(α2 + 8α+ 19) + 6α(α+ 3)(α+ 4)ρ4 + (α+ 2)(α+ 3)ρ6

48α3(α+ 1)3(α+ 2)(α+ 3)
. (62)

We can formally invert the Laplace transform in Eq. (58) to obtain

pfs(ρ, z) =
exp

(
−ρ22

)

(2π)
3
2

∞∑

k=0

εkCk(ρ, α)
∂k

∂zk
exp

(
−z

2

2

)
. (63)

We find that to order ε3

pfs(ρ, z) =
exp

(
−ρ2+z22

)

(2π)
3
2

[
1 + εz

2α+ ρ2

2α(α+ 1)
+ ε2(z2 − 1)

4α2(3 + α) + 4α(3 + α)ρ2 + (2 + α)ρ4

8α2(1 + α)2(2 + α)

+ ε3z(z2 − 3)
(8α3 + 12α2ρ2)(α2 + 8α+ 19) + 6α(α+ 3)(α+ 4)ρ4 + (α+ 2)(α+ 3)ρ6

48α3(α+ 1)3(α+ 2)(α+ 3)

]
. (64)

One can verify that the expansion to first order in ε agrees with the first order perturbation computations of Refs. [34,
37]. It can be extended to arbitrarily higher orders. The first terms k = 1, 2 and 3 of the series (63) are represented
in Fig. 3 (up to a factor 2πρ to switch to cylindrical coordinates) for α = 10 (corresponding to a typical experimental
value η = 0.2). The first order correction exhibits a local maximum above z = 0 and local minimum below. The
second order term has a minimum on the axis z = 0 and two maxima above and below. The third order result
exhibits two maxima and two minima. This generation of maxima and minima is due to the generation of nodes in
the functions

Vk(z) =
∂k

∂zk
exp

(
−z

2

2

)
. (65)

which are related to the Hermite polynomials associated with the simple Harmonic oscillator.
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D. Steady state currents

One of the key points of interest in the model here is the presence of currents which are the signature of the breaking
of time reversal symmetry in the non-equilibrium steady state. The current is explicitly given by

Jf (ρ, z) = −
[
∂pfs
∂ρ

(ρ, z) + ρpfs(ρ, z)

]
eρ +

2

α

[( ε

2α
ρ2 − z

)
pfs(ρ, z)−

∂pfs
∂z

(ρ, z)

]
ez. (66)

To examine the current in the steady state it is again convenient to work with the two sided Laplace transform of the
current

J̃fs(x, y, s) =

∫
dz exp(−sz) Jfs(x, y, z), (67)

and from this we find

J̃fs(x, y, s) = −
[
∂p̃fs
∂x

(x, y, s) + xp̃fs(x, y, s)

]
ex −

[
∂p̃fs
∂y

(x, y, s) + yp̃fs(x, y, s)

]
ey

+ η

[
εη

4
(x2 + y2)p̃fs(x, y, z) +

∂p̃fs
∂s

(x, y, s)− sp̃fs(x, y, s)
]
ez. (68)

It is convenient to write this in terms of the functions A(s) and B(s) in Eq. (27) and (28)

J̃fs(x, y, s) = p̃fs(x, y, s)

{
−[1−A(s)](xex + yey) + η

[(
εη

4
− A′(s)

2

)
(x2 + y2) + 2

B′(s)

B(s)

]
ez

}
. (69)

An interesting consequence of this result is that the current for the full system, taking into account the term zo, is
related to that of the system (x, y, zn) by a simple convolution in the same way as the probability density functions
are related, that is to say

Jfs(x, y, z) =
1√
2π

∫ ∞

0

dzn exp

[
−1

2
(z − zn)2

]
Jns(x, y, zn). (70)

We thus see that both the steady state distribution and current of the full process (x, y, z) is related to the process
(x, y, zn) by a simple convolution.

We proceed by using the representation Eq. (63) to express the current as a power series in ε

Jfs(ρ, z) =

∞∑

k=0

εkJ
(k)
fs (ρ, z), (71)

where we have

J
(k)
fs (ρ, z) =

exp
(
−ρ22

)

(2π)
3
2

{
−∂Ck
∂ρ

(ρ, α)Vk(z)eρ +

[
ρ2

α2
Ck−1(ρ, α)Vk−1(z)− 2

α
Ck(ρ, α)(V ′k(z) + zVk(z))

]
ez

}
. (72)

It is obvious that V ′k(z) = Vk+1(z) and a straight forward exercise shows that

zVk(z) = −Vk+1(z)− kVk−1(z). (73)

Using this we find

J
(k)
fs (ρ, z) =

exp
(
−ρ22

)

(2π)
3
2

{
−∂Ck
∂ρ

(ρ, α)Vk(z)eρ + Vk−1(z)

[
ρ2

α2
Ck−1(ρ, α) +

2k

α
Ck(ρ, α)

]
ez

}
. (74)

The divergence of the steady state current must be zero and this must hold at each order in the expansion in ε, we

thus obtain ∇ · J(k)
fs = 0 for all k which yields differential equations relating the polynomials Ck(ρ, α) which can be

used to generate them iteratively starting at C0(ρ, α) = 1.
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The first three orders in perturbation theory for the current then give

J
(1)
fs (ρ, z) =

exp
(
−ρ2+z22

)

(2π)
3
2

[
− ρz

α(α+ 1)
eρ +

ρ2 − 2

α(α+ 1)
ez

]
(75)

J
(2)
fs (ρ, z) =

exp
(
−ρ2+z22

)

(2π)
3
2

[
−ρ
(
z2 − 1

) [
(α+ 2)ρ2 + 2α(α+ 3)

]

2α2(α+ 1)2(α+ 2)
eρ

+
z
[
(α+ 2)ρ4 + 2

(
α2 + α− 4

)
ρ2 − 4α(α+ 3)

]

2α2(α+ 1)2(α+ 2)
ez

]
(76)

J
(3)
fs (ρ, z) =

exp
(
−ρ2+z22

)

(2π)
3
2

[
−ρz

(
z2 − 3

) [
(α+ 2)(α+ 3)ρ4 + 4α(α+ 3)(α+ 4)ρ2 + 4α2(α2 + 8α+ 19)

]

8α3(α+ 1)3(α+ 2)(α+ 3)
eρ

+

(
z2 − 1

) [
(α+ 2)(α+ 3)ρ6 + 2(α+ 3)(2α2 + 5α− 6)ρ4 + 4α(α3 + 4α2 − 9α− 48)ρ2 − 8α2(α2 + 8α+ 19)

]

8α3(α+ 1)3(α+ 2)(α+ 3)
ez

]

(77)

One can again verify that the expansion to first order in ε agrees with the first order perturbation computations of
Refs. [34, 37].

The first three perturbative corrections to the steady state current are shown in Fig. 3 for the case α = 10
superimposed on the corresponding corrections to the steady state probability density function of ρ and z. We see
that the first order correction possesses and single vortex, while the second and third order corrections have two and
three vortices respectively. A thorough numerical investigation however rules out the existence of more than one
vortex and when fully summed the vortices seen in the individual terms of the perturbation almost certainly vanish.
Indeed it seems physically unlikely that a tracer current circulates around more that one central vortex. When ρ is
large, particles are pushed upwards by the non-conservative force and when it becomes small enough the harmonic
restoring term pulls them down.

E. The circulation of the current

Of particular interest is the circulation of the non-equilibrium current defined by

Ωfs =
1

2π

∫
dx ∇× Jfs(x) · eφ (78)

where eφ = (−yex + xey)/ρ is the basis vector of the polar angle φ, and by symmetry the local current circulates
around this direction. Here is we use Eq. (69) for steady state current written in polar coordinates

J̃fs(ρ, s) = ρp̃fs(ρ, s)

{
−[1−A(s)]eρ + η

[(
εη

4
− A′(s)

2

)
ρ2 + 2

B′(s)

B(s)

]
ez

}
, (79)

which yields

Ωfs =

∫
dzρdρ

[
∂

∂z
Jfs,ρ −

∂

∂ρ
Jfs,z

]
=

∫
dρJ̃fs,z(ρ, 0). (80)

In the above we have used that the first term in the integrand integrates directly giving zero and the second term has
been integrated by parts. Using the explicit form of Jfs in Eq. (79) together with Eqs. (37), (36), (39), we obtain

Ωfs = − η2ε

4
√

2π(η + 2)
. (81)

Interestingly this is in agreement, up to a change in sign as we have reversed the direction of propagation of the laser
here, with the first order perturbation calculation of the circulation given in Ref. [34]. The first order perturbative
result of Ref. [34] thus turns out to be exact for all values of ε.
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IV. CONCLUSIONS

In this paper we have analyzed the simplest model used for optical traps that takes into account non-conservative
forces generated by the laser interaction with the trapped particle’s dipole moment. Non-conservative forces occur
frequently in physics, notably due to the magnetic components of electromagnetic fields, however analytical descrip-
tions of the associated steady states are very rare and no general theory exists. We were able to find exact results for
the Laplace transform with respect to the coordinate z (the direction of laser propagation) of the full non-equilibrium
steady state probability distribution. In the limit ε =∞, z can be replaced by the non-conservative part zn. We have
also computed the Laplace transform of the marginal distribution of the nonconservative part of the displacement in
z, this can be formally inverted and the full distribution found. The full distribution of z is then simply related to
this latter distribution via a convolution with a Gaussian. Interestingly the same convolution relationship is found
to hold for the currents. The Laplace transform representation of the full three dimensional probability distribution
can be used to develop a systematic perturbation theory of the full steady state probability distribution as a series in
the magnitude of the non-equilibrium force, which here is denoted by ε. In this paper we have given explicit results
to O(ε3), extending the first order results of [34, 37], but arbitrary higher orders can be deduced from our formalism.
Using our results, we were also able to compute the circulation of the current in the steady states, interestingly this
exact results agrees with that of first order perturbation theory found in [34].

In [37] the same model but with under damped dynamics was studied. The presence of non-conservative forces means
that the steady state depends on the friction in the system and the velocity and spatial degrees of freedom are not
independent as is the case with the equilibrium Gibbs-Boltzmann distribution. The results of [37] were perturbative
and it would be interesting to see if the method used here could be used to exactly analyze the underdamped model.
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